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Parallelism

• Sequential execution is an illusionary software concept

• All transistors always do something in parallel !

• Billions of transistors in modern CPUs(>0.5) & GPUs(>2)

• Old: Implicit parallelism with caches, ILP, speculation

���� diminishing returns, power constraints

• New: Explicit parallelism on multiple levels

���� much more efficient & natural
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DataUnit 

SIMD Parallelism

• It is impossible to execute just one instruction

– a= b + c;

– Actually means execute (add, nop, nop, nop, <)

• Penalty for ignoring SIMD

– 4x on current CPUs (SSE)

– 8-16x on future CPUs (AVX, MIC)

– 16-80x on GPUs
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Many-Core Parallelism

• Penalty for ignoring many-cores

– 4-8x on current CPUs

– 32-48x on future CPUs (MIC)

– 10-30x on GPUs
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Bandwidth in a CPU-GPU System
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Overview

• Multigrid and Strong Smoothers

• Mixed Precision Iterative Refinement

• Layout of Multi-valued Data
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satisfies which ,:)(function  aseek  We dm
xu ℜ⊆Ωℜ→Ω

Generalized Poisson Problem

Ωininterior

D
bu= Ω∂onboundary

N
bu=∂ν or

We consider the scalar (m=1) 2D case (d=2) with operator anisotropies.

Given a vector field ( v1(x,y), v2(x,y) ) we define:

fu=∆− fuG =∇− )div(
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Discretization Approach

Finite Differences Finite Volumes

Finite Elements

bAx =
For 2D linear FEM A is a 9-band matrix.
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Geometric Multigrid Method

Linear equation system after discretization

Observation: Basic solvers quickly reduce the high frequency

error components, but struggle with low frequencies

Idea: Solve the system on a pyramid of grids, thus dealing 

with different frequencies one after another   

bAx =

dk = b-Axk Fine grid

Ack= dk Coarse grid

xk+1= xk+ck Back on fine grid
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Multigrid Transfers

• Restriction

– Interpolate values from fine into coarse array

– Local weighted gather operation

fine coarseadjust index 
to read  
neighbors

output region 
coarse array
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Multigrid Transfers

• Prolongation

– Scatter values from fine to coarse with weighting stencil

– Local weighted scatter operation
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Preconditioners

bAx =

)(11 kkk
AxbCxx −+= −+ ω

Damped, preconditioned

defect correction:

DDC =JACOBI

)()( DDDLLULDLLC ++++=GSROW

)( DUDDDLC ++=TRIDI

)()( DUDDDLLULDLLC +++++=TRIGSROW

)()()( UUUDULDUDDDLLULDLLA ++++++++=
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CPU Numerical and Runtime Efficiency

x = 0,34??????Iter.Ref.(double) MG(float) V(2,2) CG
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)()( DDDLLULDLLC ++++=GSROW

Gauss-Seidel Preconditioner

bAx =

)(11 kkk
AxbCxx −+= −+ ω

Damped, preconditioned

defect correction:
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Multi-Colored Gauss-Seidel
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TRIDI-COLUMN

ADI-TRIDI Preconditioner

bAx =

)(11 kkk
AxbCxx −+= −+ ω

Damped, preconditioned

defect correction:

TRIDI-ROW )( DUDDDLC ++=
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SIMD Parallelism: Cyclic Reduction
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Memory Friendly Cyclic Reduction

[Göddeke et al. Cyclic Reduction Tridiagonal Solvers on GPUs Applied to Mixed Precision Multigrid , TPDS 2011]
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TRIGS-COLUMN

ADI-TRIGS Preconditioner

bAx =

)(11 kkk
AxbCxx −+= −+ ω

Damped, preconditioned

defect correction:

)()( DUDDDLLULDLLC +++++=TRIGS-ROW
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Many-Core Parallelism
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CPU vs. GPU Numerical Efficiency

Iter.Ref.(double) MG(float) V(2,2) CG
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CPU vs. GPU Runtime Efficiency

Core2Duo E6750 GTX280

Westmere-EP i7 X980

Tesla C2070
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Overview

• Multigrid and Strong Smoothers

• Mixed Precision Iterative Refinement

• Layout of Multi-valued Data
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Hardware Precision

float s23e8                                 double s52e11 

Data Error

52 bit23 bit

1/2  =fl 0.5

1/3  =fl 0.33333333

1/2  =db 0.5

1/3  =db 0.333333333333333

Roundoff Error

1.0002 * 0.9998 =fl 1

1 + 4e-8 =fl 1

f(a, b) =fl ffl(a, b)

1.0002 * 0.9998 =db 0.99999996

1 + 4e-15 =db 1

f(a, b) =db fdb(a, b)
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Numerical Accuracy

Condition of Ax = b

Discretization Error
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Mixed Precision Iterative Refinement

float s23e8                                 double s52e11

52 bit23 bit23 bit 52 bit23 bit23 bit

• Iterative Refinement for  Ax = b  

dk = b-Axk Compute in high precision (cheap)

Ack= dk Solve in low precision (fast)

xk+1= xk+ck Correct in high precision (cheap)

k    = k+1  Iterate until convergence in high precision

Condition of Ax = b
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Overview

• Multigrid and Strong Smoothers

• Mixed Precision Iterative Refinement

• Layout of Multi-valued Data
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Multi-Valued Data

• Multi-valued data is ubiquitous

– Class 1: mathematical properties, e.g.

multiple derivatives or moments

– Class 2: discrete features, e.g.

colors of a pixel, multiple scores

– Class 3: per-dimension properties, e.g.

coordinates, velocities on a 3D grid
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AoS and SoA

struct NormalStruct {
Type1 comp1;
Type2 comp2;
Type3 comp3;

};

typedef NormalStruct
AoSContainer[SIZE];

AoSContainer container;

container[5].comp3++;

struct SoAContainer {
Type1 comp1[SIZE];
Type2 comp2[SIZE];
Type3 comp3[SIZE];

};

SoAContainer container;

container.comp3[5]++;

Array of Structs (AoS) Struct of Arrays (SoA)



PPAM Sep 2011

Parallel Access in AoS and SoA

Array of Structs (AoS) Struct of Arrays (SoA)

container[1].comp3

container[2].comp3

container[3].comp3

container[4].comp3

container.comp3[1]

container.comp3[2]

container.comp3[3]

container.comp3[4]

container[1].comp{1,2,3}

container[5].comp{1,2,3}

container.comp{1,2,3}[1]

container.comp{1,2,3}[5]
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Operating on Container Elements 

• struct NormalStruct {
Type1 comp1;
Type2 comp2;
Type3 comp3;

};
typedef NormalStruct AoSContainer[SIZE];

• NormalStruct single;
AoSContainer container;

• In-place update of single and indexed structs 
void update( NormalStruct& s ) { s.comp3 += s.comp1; }

• update( single );               // OK
update( container[5] );         // OK

• This is not possible with standard SoA/C++ syntax:
container.comp3(5);
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Abstraction: AoS + SoA = ASA

Array of Structs (AoS)

struct NormalStruct {
Type1 comp1;
Type2 comp2;
Type3 comp3;

};

typedef NormalStruct
Container[SIZE];

NormalStruct single;
Container container;

void
update(NormalStruct& s);

container[index].comp3++;
update( container[5] );

Array of Structs of Arrays (ASA)

template <ID t_id=ID_value>
struct FlexibleStruct {

typedef ASAGroup<Type1,t_id> ASX_ASA;
union{ Type1 comp1; ASX_ASA d1; };
union{ Type2 comp2; ASX_ASA d2; };
union{ Type3 comp3; ASX_ASA d3; };

};
typedef ASX::Array<FlexibleStruct,

SIZE, ??? > Container;

FlexibleStruct<> single;
Container container;

template <ID t_id> void 
update(FlexibleStruct<t_id>& s);

container[index].comp3++;
update( container[5] );

??? = ASX::AOS or ASX::SOA

[Strzodka. Abstraction for AoS and SoA layout in C++ . GPU Computing Gems 2011]
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Overview

• Multigrid and Strong Smoothers
– Balancing numerical and hardware requirements

• Mixed Precision Iterative Refinement
– Same accuracy with faster computation

• Layout of Multi-valued Data
– Choice of layout determines memory access patterns
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